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1. INTRODUCTION 

Official statistics must deliver information for defined populations like countries or 

regions defined by administrative limits or socio-demographic groups or branches of the 

economy. The quality of such information is vital for the credibility of official statistics. 

Since the debate on the representative method in the first part of 20
th

 century and the 

seminal paper by Neyman [1] the method of official statistics, to establish statistical 

information based on representative surveys with probability sample designs, is 

acknowledged as a corner stone of the quality and credibility of official statistics.  

There are two main threats to the paradigm of representative surveys in official statistics. 

The first is increasing and differential non-response. The second is costs. Outside official 

statistics representative surveys have been abandoned mainly due to costs. While quota 

sampling and variants of it have been used since a long time in market research, the use 

of data sources from the internet of persons or things promise now a new move away 

from representative surveys simply because of costs. An important argument against 

representative surveys in this move is non-response. However, the paradigm of random 

sampling has not been replaced by a convincing alternative up to now. The AAPOR has 

issued a report where different methods for non-probability samples are discussed [2]. 

More research and more documentation are certainly needed for all methods proposed. 

The basic problem is that non-probability samples are difficult to compare with 

probability samples.  

This paper gives a discussion of a model based version of representativeness. Such a 

definition has been used to establish the representativeness of a branch association 

needed to submit a proposal for the ordinance of a special law for the branch [3]. An 

example illustrates model-representativeness and the effect on variance.     

2. METHOD 

Probability sampling is the basis of representative surveys. Randomisation gives a 

coherent framework for sampling which allows the application of statistical concepts. In 

particular expectation and variance are clearly defined and thus properties of estimators 

can be found. The framework has been extended to asymptotic theories and the role of 

assisting statistical models has been justified under the randomisation approach. In 

particular the use of models to reduce non-response bias is a standard technique today.  

A more prominent role has been assigned to models by Royall [4] in the prediction 

approach. Finite population characteristics are still the main objective but the role of 

random sampling is reduced. In spite of the debate about the value of model assisted and 

model based approaches the basic objective, estimation of finite population sampling 

characteristics, is the same.  
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Combinations of model-based and sampling-based estimators are prominent also in 

Small Area Estimation.   

A radical step toward modelling is quota sampling. The randomisation approach is 

abandoned, though randomly filled quota are mimicking stratified random sampling. 

Quota sampling is model based in the sense that the quota are based on variables with 

predicting power for the key survey characteristics [5]. 

The condition for model-representativeness for a population variable can be phrased as 

follows: Let 𝑌 be a variable of interest and let 𝑋 be a covariate, possibly multivariate. We 

have observations from a sample on 𝑌 and on 𝑋. The purpose is to estimate a population 

characteristic 𝜃(𝐹𝑈,𝑌), where 𝐹𝑈,𝑌 denotes the population distribution of 𝑌. Two 

conditions are necessary to establish inference on 𝜃(𝐹𝑈,𝑌):  

1) There is a predictive model for 𝑌 based on 𝑋 : 𝑌𝑖 = 𝑓(𝑋𝑖) + 𝐸𝑖 , where 𝑓(. ) denotes 

the structural relationship and 𝐸 is an error term. The predictive model holds in the 

sample (𝑖 ∈ 𝑆) and in the population (𝑖 ∈ 𝑈).  

2) The distribution of 𝑋  in the sample 𝐹𝑆,𝑋 is the same as the population distribution 

𝐹𝑈,𝑋. And the population distribution 𝐹𝑈,𝑋 is assumed to be known.   

The quality of the model is crucial. If the error is large then the explanatory power is low 

and if the model is not appropriate instead of bias-reduction an increase in bias may 

result. Therefore, representativeness must be restricted to particular variables for which 

there is a good model. The model quality can only be examined at the sample. The 

condition that the model does hold in the unobserved part of the population 𝑈\𝑆 cannot 

be checked with the data at hand.  

What can we say about 𝜃(𝐹𝑈,𝑌) under these conditions? We may estimate 𝑓 from the 

sample, i.e.  𝑓. Based on the assumption that the model holds for the non-sampled 

observations, too, we can simulate predicted values �̂�𝑖 = 𝑓(�̃�𝑖) by random draws from 

the known distribution 𝐹𝑈,𝑋   for all 𝑖 ∈ 𝑈 since we assume 𝐹𝑈,𝑋 is known. Actually the 

last condition, that we know the distribution 𝐹𝑈,𝑋 may be often relaxed. We get an 

estimate of the distribution 𝐹𝑈,𝑌 , say �̂�𝑈,𝑌 = 𝐹𝑈,�̂�  and we can calculate  𝜃(�̂�𝑈,𝑌). If in the 

sample instead of the predicted values �̂�𝑖 we take the original observation 𝑌 then this is 

well aligned with the prediction approach from Royall [4].   

The second condition above, that the sample is distributed like the population, i.e. 

𝐹𝑆,𝑋 = 𝐹𝑈,𝑋  , adds robustness and simplicity to the approach. The assumption 𝐹𝑆,𝑋 =
𝐹𝑈,𝑋will get rid of the exact form of the model, i.e. we do not have to estimate 𝑓 . What is 

needed is that there is a predictive model involving the variables in 𝑋. Under the 

assumption that 𝐹𝑆,𝑋 = 𝐹𝑈,𝑋 the distribution 𝐹𝑈,𝑌 can be estimated by 𝐹𝑆,𝑌 directly since 

the realisations �̂�𝑖 = 𝑓(�̃�𝑖), 𝑖 ∈ 𝑈 ∖ 𝑆 follow the distribution of the sampled 𝑌 , apart 

from the model error. Thus 𝜃 = 𝜃(𝐹𝑆,𝑌). If 𝐹𝑆,𝑋 ≠ 𝐹𝑈,𝑋 we may calibrate the sample such 

that the approximation is enhanced and then we may use a weighted version of 𝐹𝑆,𝑌 to 

estimate 𝐹𝑈,𝑌 . Alternatively we may use a regression estimator.  

3. AN ILLUSTRATIVE EXAMPLE 

We use the data set MU284 from [6] for an illustration of the principle with a simple 

linear model. The data set contains data on 284 municipalities in Sweden. We delete the 

three largest Municipalities to avoid problems with outliers. We use the per capita 
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revenue from taxes 1985 (pcrmt85=RMT85/P85), the real estate value in 1984 

(pcrev84=REV84/P85), the per capita number of municipal employees 

(pcme84=ME84/P85) and the proportion of the social democrat seats in the municipal 

council (ssp=SS82/S82).  Variable pcme84 is our covariate while pcrmt85 and pcrev84 

are examples of well modelled and bad modelled target variables.  

The sample is established by the 28 municipalities in MU281 which have the lowest 

proportion of social democrat seats (ssp). This can be considered a convenience sample 

and it will obviously be biased for the proportion of social democrat seats. The estimators 

considered are the sample mean, a GREG estimator [7] and a pure prediction under the 

simple linear regression model using pcme84 as explanatory variable. Table 1 shows that 

the initial deviation of the sample estimate from the population target is reduced for both 

variables pcrmt85 and pcrev84 when using a regression estimator. However, the bias 

reduction for pcrmt85 is moderate due to a model that is biased for the population. 

Actually in the population a quadratic form would be more appropriate. The standard 

error of the GREG of 0.135 seems to be biased downward when compared with the 

standard error of the predictor of 0.165. The downward bias of the GREG standard error 

seems even worse for variable pcrev84. Using pcme84 as auxiliary information is useless 

for the variable SSP as can be seen in the last column of Table 1. The bias of the GREG 

and Predictor are worse than of the sample mean.  

Table 1: Targets and estimates for a convenience sample  

Estimator pcrmt85 pcrev84 pcme84 ssp 

Population mean 7.177 118.896 52.043 0.466 

Sample mean 6.59 116.619 45.828 0.278 

SEM 0.180 4.554 0.959 0.007 

GREG 7.561 117.451 52.043 0.261 

SE(GREG) 0.135 4.970 0 0.013 

Prediction 7.561 117.451 52.043 0.261 

SE(Prediction) 0.163 7.418 0 0.011 

adjusted R-squared 0.680 -0.038 
 

0.100 

vinf=SE(Pred)^2/SEM^2 0.816 2.653   2.300 

 

If the model for the population can be estimated from the sample, as for pcrmt85, then 

the prediction estimator is unbiased. However, the deviation of the sample distribution of 

the covariates (in our example pcme84) from the population will inflate the variance and 

this may outset the variance gain due to the using a regression estimator. In our example 

the standard error of the prediction estimator is 0.163 compared with the standard error 

of the mean of 0.180. Now the adjusted R-squared of the regression of pcrmt85 on 

pcme84 is 𝑅𝑎
2 = 0.680 and we would expect a much larger reduction of the standard 

error due to the regression. Comparing the standard error of the prediction estimator with 

the standard error of the mean we obtain the variance inflation  

𝑣𝑖𝑛𝑓 = {1 +
𝑛

𝑛 − 1

(�̅�𝑈 − �̅�𝑆)2

�̂�𝑥
2 

} (1 − 𝑅𝑎
2) 

The relative difference between the population mean and the sample mean is injected into 

the variance inflation of the prediction estimator. Furthermore the goodness of fit of the 

model plays an essential role due to the second factor in the variance inflation.  
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4. CONCLUSIONS 

In view of the pressure on using data from many sources where official statistics cannot 

ensure proper random sampling or where the non-response is so large that it is 

questionable whether the sample should be used at all it is necessary to think of models 

and how they can support estimation. Provided that the covariates have a similar 

distribution in the sample as in the rest of the population it is not necessary to find the 

correct form of the model to make calibration or regression estimation work even for 

non-random samples or when the response mechanisms are unknown. However, the 

quality of the inference relies on the model and must be restricted to variables that are 

predictable by covariates. The additional uncertainty due to deviations of the sample 

model from the population model cannot be assessed. In any case, the usual practice to 

check whether the distributions of the covariates in the sample and in the population are 

similar is not sufficient. Model-representativeness comes mainly through the model 

between the target variable and the covariates and this should be the main aspect to be 

verified. The similarity of the distributions of the covariates in the sample and in the 

population yields some robustness against miss-specification of the model form but not 

against a poor predictive power of the covariates. If the model in the population can be 

estimated from the sample then the bias of the prediction estimate may vanish. However 

the variance of the prediction estimator may suffer considerably when the sample 

distribution of the covariates is far from the covariate distribution of the population. 

Nevertheless, model-representativeness may become the basis for inference in situations 

where random sampling and a high response rates cannot be ensured. More research into 

this approach is necessary to establish procedures to evaluate the conditions and to 

establish procedures to estimate variances.  

REFERENCES 

 

[1]  J. Neyman, «On the Two Different Aspects of the Representative Method: The 

Method of Stratified Sampling and the Method of Purposive Selection,» Journal of 

the Royal Statistical Society, pp. 558-625, 1934.  

[2]  R. a. B. J. M. a. B. N. A. a. B. M. a. C. M. P. a. D. J. A. a. G. K. J. a. T. R. Baker, 

«Summary Report of the AAPOR Task Force on Non-probability Sampling,» Journal 

of Survey Statistics and Methodology, pp. 90-143, 2013.  

[3]  B. B. M. Hulliger, «Repräsentativität von Unternehmens-Gruppen als Vertreter von 

Branchen,» Hochschule für Wirtschaft FHNW, Olten, 2014. 

[4]  R. M. Royall, «On Finite Population Sampling Theory Under Certain Linear 

Regression Models,» Biometrika, pp. 377-387, 1970.  

[5]  J.-C. Deville, «A Theory of Quota Surveys,» Survey Methodology, 1991.  

[6]  C.-E. a. S. B. a. W. J. Särndal, Model Assisted Survey Sampling, Springer, 1992.  

[7]  T. Lumley, "survey: analysis of complex survey samples". R package version 3.30., 

2014.  

 


