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1. INTRODUCTION: THE STATISTICAL MATCHING PROBLEM 

Statistical matching (sometimes called data fusion, synthetical matching) aims at 

combining information available in distinct sample surveys referred to the same target 

population.  Formally, let Y and Z be two random variables; statistical matching aims at 

estimating the joint (Y, Z) distribution function (e.g. a contingency table or a regression 

coefficient) or some of its parameters when: (i) Y and Z are not jointly observed in a 

survey, but Y is observed in a sample A, of size An , and  Z is observed in a sample B, of 

size Bn ; (ii) A and B are independent and units in the two samples do not overlap (it is 

not possible to use record linkage); (iii) A and B both observe a set of additional variables 

X (for major details see [1]).  

2. HOW TO CHOOSE MATCHING VARIABLES USING UNCERTAINTY 

In Statistical Matching (SM) the data sources A and B may share many common 

variables X.  This is the case of matching of data from household surveys where a very 

high number of variables concerning the household (living place, housing, number of 

members, etc.) and its members (age, gender, educational levels, professional status, …) 

are available.  In performing SM, not all the X variables will be used but just the most 

relevant ones.  The selection of the most relevant Xs, usually called matching variables, 

should be performed by consulting subject matter experts and through appropriate 

statistical methods. 

As far as statistical methods are concerned, the choice of the matching variables MX        

( MX X ) should be made in a “multivariate sense” [2], to identify the subset of Xs 

connected, at the same time, with Y and Z.  This would require the availability of an ideal 

data source in which (X, Y, Z) are observed.  In the basic SM framework, A permits to 

investigate the relationship between Y and X, while the relationship between Z and X can 

be investigated in B.  The results of the two separate analyses are then joined and, in 

general, the following rule can be applied: 

ZYMZY XXXXX  , 

 

where YX  ( YX X ) and ZX  ( ZX X ) are the subsets of the common variables that 

better explain Y and Z, respectively.  The intersection Y ZX X  should provide a 

smaller subset of matching variables if compared to Y ZX X ; this is an important 

feature in achieving parsimony.  For instance, too many matching variables in a distance 

hot deck SM micro application can introduce undesired additional noise in the final 
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results.  Unfortunately, the risk with Y ZX X is that most of the predictors of one target 

variable will be excluded if they are not in the subset of the predictors of the other target 

variable.  For this reason, the final subset of the matching variables 
MX  is usually a 

compromise and the contribution of subject matter experts and data analysts is important 

in order to achieve the “best” subset.  

Our proposal is to perform a unique analysis for choosing the matching variables by 

searching the set of common variables that are more effective in reducing the uncertainty 

between Y and Z. 

2.1. Uncertainty 

Due to the nature of the SM problem (i.e. Y and Z are never jointly observed) there is an 

intrinsic uncertainty: there cannot be unique estimates for the parameters describing the 

association/correlation between Y and Z.  Approaches, such as maximum likelihood 

estimation, offer a set of solutions, all with the same (maximum) likelihood, usually 

closed, known as likelihood ridge.  The non-uniqueness of the solution of the SM 

problem has been described in the different articles (see Chapter 4 in [1] and references 

therein). 

Given that A and B do not contain any information on Y and Z, apart from their 

association/correlation with the common variables X, the set of solutions describes all the 

values of the parameters given by all the possible relationships between Y and Z, given 

the observed data.  For this reason, [1] called this set of equally plausible estimates “the 

uncertainty set”.  In order to reduce the uncertainty set, it is necessary to add external 

information (e.g. edit rules or a structural zero on a cell of the contingency table of Y, Z 

or Y,Z|X reduce the set of possible values).  

When X, Y and Z are categorical, the uncertainty set can be computed by resorting to the 

Fréchet bounds.  Let  Pr , ,hjkp X h Y j Z k     for 1, ,h H , 1, ,j J , 

1, ,k K ;  by conditioning on the X, it is possible to conclude that the probability 

 Pr ,jkp Y j Z k     will lie in the interval: 

   , max 0, 1 , min ,jk jk h hj h k h j h k hh h
p p p p p p p p   

           

2.2. The method: choosing the matching variables by uncertainty reduction 

The method proposed for selecting the matching variables when dealing with categorical 

X, Y and Z variables is based on an iterative procedure. 

Step 0)  initial ordering of the X variables according to their ability in minimizing the 

average widths of the bounds for the cell probabilities in the table Y Z : 

 
,

1 ˆ ˆ
jk jkj k

d p p
J K

  

  

computed by conditioning on each of the available X variables. 

Step 1) consider all the possible combinations of the starting variable(s) with each of the 

remaining ones, according to the ordering provided in step (0) and evaluate the 

uncertainty associated in terms of d; e.g. in the first iteration all the possible 
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combinations of the first variable, identified in step (0), with the remaining ones 

will be considered. 

Step 2). Select the combination of the variables which determine the higher decrease of 

the uncertainty (d) and go back to step (1). 

This procedure ends when all Xs have been considered as explanatory of the target ones.  

The next section presents some results obtained by applying this procedure in two cases. 

3. APPLICATION AND RESULTS 

3.1. Application of the procedure to artificial data  

Bayesian networks are used to generate two artificial samples sharing 3 binary Xs.  

Figure 1 provides the association structure among the variables. The latter two networks 

denote that Y (Z) depends directly only on X1 (X2) when Z (Y) is missing. 

Figure 1. Simulated example: complete (left), Y given X (centre) and Z given X 

(right) models 

 

Application of the step (0) of the procedure presented in Section 2.2. suggests that 

variable X1 should be considered as the first one ( 0.1703d  ), then there is X3                 

( 0.1911d  ) and finally X2 ( 0.2012d  ). 

Table 1. Output of the procedure for selecting the matching variables 

X variables No. of Xs d  

X1 1 0.1703 

X1*X3 2 0.1703 

X1*X3*X2 3 0.1699 

 

The procedure for selecting the matching variables ends with a relatively surprising result 

(see Table 1): X1 alone is able to achieve quite the best score in terms of average width 

of the uncertainty bounds; adding X2 does not improve the result and just a negligible 

decrease of d is achieved by considering all the X variables. 

3.2. Application of the procedure to artificial data generated from EU-SILC 

As a toy example we refer to two artificial samples, 3009An   and 6686Bn  , generated 

from the EU-SILC data (data available in [3]).  The ordering of the 7 common variables 

obtained by applying the step (0) is reported in Table 2. 

Table 2. Ability of the X variables in reducing bounds width 

 c.age edu7 marital sex hsize5 area5 urb 

No. of categories 5 7 3 2 5 5 3 

d   0.0878 0.1056 0.1085 0.1097 0.1120 0.1133 0.1159 
Ranking 1 2 3 4 5 6 7 
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In practice, step (1) starts considering “c.age”, and then adding the variables following 

the order presented in Table 2.  The final output is provided by Table 3. 

Table 3. Output of the procedure for selecting the matching variables 

Combination of X variables  No. of Xs d   

c.age 1 0.0878 
c.age*sex 2 0.0781 
c.age*sex*edu7 3 0.0714 
c.age*sex*edu7*area5 4 0.0608 
c.age*sex*edu7*area5*hsize5 5 0.0411 
c.age*sex*edu7*area5*hsize5*urb 6 0.0225 
c.age*edu7*marital*sex*hsize5*area5*urb 7 0.0162 

 

By comparing the results with those that would be obtained by considering all the 

possible combinations of the X variables, it comes out that the procedure fails to identify 

the “best” model with a subset of 4 of the available X variables.  The identified 

combination precedes immediately the best solution “c.age*edu7*area5*hsize5”               

( 0.0575d  ).  The same happens when considering 5 of the X variables (best model 

“c.age*edu7*area5*hsize5*urb”  with 0.0385d  ). 

The results seem to suggest that the larger the number of matching variables the lower 

the uncertainty.  This reasoning is jeopardized by the fact that with many matching 

variables increases the sparseness of the contingency tables estimated from A and B.  

This finding suggests that it is necessary to identify a stopping rule for the procedure 

which should account for the principle of parsimony. 

4. CONCLUSIONS 

The proposed procedure goes in the direction indicated by [2] avoiding separate analysis 

on the data sources at hand.  The procedure is fully automatic and searches for the best 

combination of the available categorical common variables; it appears successful in 

identifying the various subsets of 1, 2, 3, etc. “best” matching variables.  The procedure 

at this stage lacks of a stopping rule which should be developed accounting for the 

parsimony principle. 
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